In the present study, we have introduced Cesàro summability of integrals of fuzzy-number-valued functions and given one-sided Tauberian conditions under which convergence of improper fuzzy Riemann integrals follows from Cesàro summability. Also, fuzzy analogues of Schmidt type slow decrease and Landau type one-sided Tauberian conditions have been obtained.
Introduction
Given a locally integrable function f : [0, ∞) → C, the Cesàro operator Cf is defined by In classical analysis, the Cesàro operator was investigated from various aspects and a large number of results have appeared recently [1] [2] [3] [4] [5] . Titchmarsh [6] also used the operator as a convergence method for divergent integrals and introduced the Cesàro summability of integrals [7, p.11] . Following this introduction, the concept of Cesàro summability of integrals received considerable attention and Tauberian conditions under which Cesàro summable improper integrals converge have been investigated [7] [8] [9] [10] [11] [12] [13] [14] [15] . Also, there are studies applying the concept to Fourier integrals [6, [16] [17] [18] [19] .
In the light of the developments mentioned above, establishment of the concept of Cesàro summability of integrals for fuzzy analysis is also of importance for handling divergent integrals of fuzzynumber-valued functions. The concept of integration of fuzzy-number-valued functions has already been introduced by Dubois et al. [20] and studied by many mathematicians [21] [22] [23] [24] . Also, in particular, Bede and Gal [25] have proved that there exists a mean value, or a Cesàro sum, for any almost periodic fuzzynumber-valued function and given some applications of these functions to fuzzy differential equations and to fuzzy dynamical systems. At this point, approaching the concept of 'mean value' from perspective of summability theory, we define Cesàro summability of integrals of fuzzy-number-valued functions and give various types of convergence conditions for Cesàro summable improper integrals of fuzzy-numbervalued functions.
Preliminaries
A fuzzy number is a fuzzy set on the real axis, i.e. u is normal, fuzzy convex, upper semi-continuous and supp u = {t ∈ R : u(t) > 0} is compact [26] . We denote the space of fuzzy numbers by E
Each r ∈ R can be regarded as a fuzzy number r defined by
and k ∈ R. The addition and scalar multiplication are defined by
Lemma 2.1.
[25] The following statements hold:
is neutral element with respect to +, i.e., u + 0 = 0 + u = u for all u ∈ E 1 .
(ii) With respect to 0, none of u = r, r ∈ R has opposite in E 1 .
(iii) For any a, b ∈ R with a, b ≥ 0 or a, b ≤ 0 and any u ∈ E 1 , we have (a + b)u = au + bu. For general a, b ∈ R, the above property does not hold.
(iv) For any a ∈ R and any u, v ∈ E 1 , we have a(u + v) = au + av.
(v) For any a, b ∈ R and any u ∈ E 1 , we have a(bu) = (ab)u.
where d is the Hausdorff metric.
Proposition 2.2.
[25] Let u, v, w, z ∈ E 1 and k ∈ R. Then,
(ii) D(ku, kv) = |k|D(u, v).
Partial ordering relation on E 1 is defined as follows:
We say a fuzzy number u is negative if and only if u(t) = 0 for all t ≥ 0 (see [27] ). Combining the results of Lemma 6 in [28] , Lemma 5 in [29] , Lemma 3.4, Theorem 4.9 in [30] and Lemma 14 in [31] , following Lemma is obtained. (iv) If u w and v e, then u + v w + e. 
Using the results of Anastassiou [22] we have
dx where α and β are real numbers.
(
provided the limit on the right-hand side exists in E 1 , in which case we say the integral converges and is equal to the value of limit. Otherwise, we say the integral diverges. The Cesàro means of s(t) are defined by
The integral
is said to be Cesàro summable to a fuzzy number L if lim t→∞ σ(t) = L. The value of this limit is said to be the Cesàro sum of the integral. Proof. Let
Since lim t→∞ t 0 M t = 0, there exists t 1 > 0 such that
whenever t ≥ t 1 . So there exists t 2 = max{t 0 , t 1 } such that D(σ(t), L) < ε whenever t ≥ t 2 . This completes the proof.
By the following example it can be easily seen that the converse statement of Theorem 3.2 is not true in general. 
Then f is continuous and
To calculate Cesàro mean, considering (3.1) we have
So we get
and lim t→∞ D(σ(t), u) = 0.
f (x)dx is Cesàro summable to fuzzy number u such that
We need the following Lemma for the proofs of our main results.
Lemma 3.4. If s be a continuous fuzzy-number-valued function then for every λ > 1
and for every 0 < ℓ < 1
Proof. Let s be a continuous fuzzy-number-valued function. Then for every λ > 1 we have
by Lemma 2.1 and Theorem 2.7. On the other hand for every 0 < ℓ < 1, using Lemma 2.1 and Theorem 2.7 again, we get
So equalities (3.3) and (3.4) are satisfied.
As a result of Lemma 3.4 we conclude the following lemma. If integral (3.2) is Cesàro summable to a fuzzy number L, then for every λ > 1
Now we give Tauberian conditions under which convergence of the improper integral follows from Cesàro summability. .2) is Cesàro summable to a fuzzy number L, then it converges to L if and only if for every ε > 0 there exist t 0 ≥ 0 and λ > 1 such that for t > t 0
and another 0 < ℓ < 1 such that
Proof. Necessity. Let the integral (3.2) converge to L. Using inequality
if we consider the equality (3.5) in Lemma 3.5 then for λ > 1 we obtain
For 0 < ℓ < 1, validity of (3.8) can also be obtained analogously by using the equality (3.6) of Lemma 3.5.
Sufficiency. Assume that integral (3.2) is Cesàro summable to L and (3.7), (3.8) are satisfied. By (3.7), there exist t 1 ≥ 0 and λ > 1 such that for t > t 1
there exists t 2 ≥ 0 such that for t > t 2
Then considering the equality (3.3) , there exists t 4 = max{t 1 , t 2 , t 3 } such that for t > t 4
So by (v) of Lemma 2.3, for t > t 4 we have
On the other hand, if we consider the condition (3.8), equality (3.4), Lemma 2.3 and proceed in a similar way as that above, we get that there exists a t *
Then combining inequalities (3.9) and (3.10), we obtain L − ε s(t) L + ε whenever t > max{t 4 , t * 4 } and this completes the proof. 
Lemma 3.9. If the fuzzy-number-valued function s(x) is slowly decreasing, then for every ε > 0 there exist t 0 ≥ 0 and 0 < λ < 1 such that for every t > t 0 s(t) s(x) − ε whenever λt < x ≤ t. Proof. The proof of the lemma is done by contradiction method. Assume that the fuzzy-number-valued function s(x) is slowly decreasing and there exists ε 0 > 0 such that for all 0 < λ < 1 and t 0 ≥ 0 there exist real numbers x and t > t 0 for which
At this point we recall the reformulated condition of Móricz [9] for a slowly decreasing real valued function f such that
No matter which case we choose in (3.13), one of the real valued functions s − α 0 (t) and s + α 0 (t) does not satisfy the condition (3.14) . So at least one of them is not slowly decreasing which contradicts the hypothesis that fuzzy-number-valued function s(x) is slowly decreasing.
It is clear that if function s is slowly decreasing then conditions (3.7) and (3. and then s(x) s(t) − ε holds whenever x 0 < t < x ≤ λt.
f (x)dx f (t) + ε.
Theorem 3.17. If a continuous fuzzy-number-valued function f is Cesàro summable to a fuzzy number L and f is slowly decreasing, then lim t→∞ f (t) = L.
